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S M A L L  A R E A  E S T I M AT I O N

• Survey is conducted in study area with  subregions


• Goal: estimate  from each subregion  using…


• : direct estimate 


• : survey variance 

n

θi i = 1,⋯, n

yi

di

• Problem:  can be unreliable with high  for subregions with small 
sample size (“small area”)

yi di
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• Problem:  can be unreliable with high  for small sample regions
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• Problem:  can be unreliable with high  for small sample regions


• Solution: use a model that “borrows strength” across areas

yi di

• Fay & Herriot (1979) proposed


,   , and       


• where  and survey variances , 


•  covariate matrix ,  coefficients 


•   the random effects

[y |θ] ∼ Nn(θ, D) θ = Xβ + u u ∼ Nn(0, σ2I)

D = diag{di}n
i=1 di

n × j X β

u
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Notation:  

Multivariate Normal Distribution of 

dimension 

 mean, covariance 

Nm(μ, Σ)

m
μ Σ



R E S E A R C H  M O T I VAT I O N

FH Model: ,    with     and    [y |θ] ∼ Nn(θ, D) θ = X⊤β + u u ∼ Nn(0, σ2I)

Issues with IID Normal Assumption
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R E S E A R C H  M O T I VAT I O N

FH Model: ,    with     and    [y |θ] ∼ Nn(θ, D) θ = X⊤β + u u ∼ Nn(0, σ2I)

2. Not all random effects may be 
needed

1. Spatial dependence is not 
modeled

Could we address both of these issues?

Issues with IID Normal Assumption
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E X I S T I N G  
A P P R O A C H E S  &  
P R O P O S E D  M O D E L



T H E  FAY- H E R R I O T  M O D E L :  I S S U E S

• Model: ,    


• Issues with IID Normal Assumption 


1. Spatial dependence is not modeled


2. Not all random effects may be needed

[y |θ] ∼ Nn(θ, D) θ = X⊤β + u

u ∼ Nn(0, σ2I)
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1 .  M O D E L I N G  S PAT I A L  D E P E N D E N C E

• Solution: assume   with spatial precision matrix u ∼ Nn(0, σ2 Q−1) Q
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1 .  M O D E L I N G  S PAT I A L  D E P E N D E N C E

• Solution: assume   with spatial precision matrix u ∼ Nn(0, σ2 Q−1) Q

• Common Choice: Conditional Autoregressive (CAR) prior 


•  with spatial corr. parameter ,  adjacency matrix,  no. neighbors for area 


• Set an adjacency matrix  such that  if areas  &  are neighbors ( ) and  otherwise. 


• Then the conditional distribution of  given the others  is: 


 


•  results in the improper intrinsic CAR (ICAR) prior

Q = diag{ni}n
i=1 − ρ A ρ A ni i

A Aij = 1 i j i ∼ j Aij = 0

ui u−i

[ui |u−i, σ2, ρ] ∼ N( ρ
ni ∑

i∼j

uj,
σ2

ni )
ρ = 1
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1 .  M O D E L I N G  S PAT I A L  D E P E N D E N C E :  B Y M  E F F E C T S  

• Problem: Using CAR when there is no spatial correlation can yield 
misleading results (Lereoux et al., 2000; Wakefield, 2007)
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 with  u = v1 + v2

IID effect 
 [v1] ∼ Nn(0, σ2

1 I)
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1 .  M O D E L I N G  S PAT I A L  D E P E N D E N C E :  B Y M  E F F E C T S  

 with  u = v1 + v2

 : gen. inverse of ICAR precision matrix.  Q−

IID effect 
 [v1] ∼ Nn(0, σ2

1 I)
Spatial effect 

[v2] ∼ Nn(0, σ2
2 Q−)

• Problem: Using CAR when there is no spatial correlation can yield 
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T H E  FAY- H E R R I O T  M O D E L :  I S S U E S

• Model: ,    


• Issues with IID Normal Assumption 


1. Spatial dependence is not modeled


2. Not all random effects may be needed

[y |θ] ∼ Nn(θ, D) θ = X⊤β + u

u ∼ Nn(0, σ2I)

•   Datta, Hall, and Mandal (2011) showed this via a hypothesis test


•   Problem: Can only test including all random effects or none. 
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2 .  N O T  A L L  E F F E C T S  M AY  B E  N E E D E D

• Solution: Use Bayesian variable selection
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2 .  N O T  A L L  E F F E C T S  M AY  B E  N E E D E D

• Datta and Mandal (2015) proposed a model with a spike-and-slab prior





where  


and  


and  with .

ui = δi ⋅ vi

[vi |δi = 1, σ2] ind∼ N(0,σ2)

[vi |δi = 0] = 0

[δi |p] iid∼ Bernoulli(p) [p] ∼ Beta(a, b)

• Solution: Use Bayesian variable selection
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C O M B I N I N G  S PAT I A L  M O D E L I N G  W I T H  S E L E C T I O N

• Datta-Mandal Model





 
 


 with 
.

ui = δi ⋅ vi

[vi |δi = 1, σ2] ind∼ N(0,σ2)
[vi |δi = 0] = 0

[δi |p] iid∼ Bernoulli(p)
[p] ∼ Beta(a, b)

Random Effects 

Selection Process
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C O M B I N I N G  S PAT I A L  M O D E L I N G  W I T H  S E L E C T I O N

• Datta-Mandal Model





 
 


 with 
.

ui = δi ⋅ vi

[vi |δi = 1, σ2] ind∼ N(0,σ2)
[vi |δi = 0] = 0

[δi |p] iid∼ Bernoulli(p)
[p] ∼ Beta(a, b)

Random Effects 

Selection Process

Could spatial dependence be 
incorporated into both levels?
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P R O P O S E D  M O D E L

• Data Model: ,    [y |θ] ∼ Nn(θ, D) θ = X⊤β + u
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P R O P O S E D  M O D E L

• Data Model: ,    [y |θ] ∼ Nn(θ, D) θ = X⊤β + u

• Random Effects:





 and 

ui = δi ⋅ (v1i + v2i)

[v1 |σ2
1] ∼ Nn(0, σ2

1 I) [v2 |σ2
2] ∼ Nn(0, σ2

2 Q−)

13 S H O  K A W A N O ,  U C  S A N TA  C R U Z  



P R O P O S E D  M O D E L

• Selection Process: 


 with 


 and 

[δi |pi]
ind∼ Bernoulli(pi) logit(p) = ψ1 + ψ2

[ψ1 |s2
1] ∼ Nn(0, s2

1 I) [ψ2 |s2
2] ∼ Nn(0, s2

2 Q−)
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Incorporates Spatial 
Dependence on both 

levels
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Incorporates Spatial 
Dependence on both 

levels

Spatially Selected & Dependent 
Random Effects (SSD) Model
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P R I O R  S P E C I F I C AT I O N

• Coefficients: 


• Random effect variances:  and 


• Logit effect variances:  and 

β ∼ Nj(0, 1002I)

σ2
1 ∼ IG(a1, b1) σ2

2 ∼ IG(a2, b2)

s2
1 ∼ IG(c1, d1) s2

2 ∼ IG(c2, d2)
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IG(A, B)
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• Coefficients: 


• Random effect variances:  and 


• Logit effect variances:  and 

β ∼ Nj(0, 1002I)

σ2
1 ∼ IG(a1, b1) σ2

2 ∼ IG(a2, b2)

s2
1 ∼ IG(c1, d1) s2

2 ∼ IG(c2, d2)

• Recommend:


•  Scale the data , like Bayesian Lasso


• Scale ICAR precision matrix  so that ,  / ,  are comparable (Sørbye and Rue, 2014).


• Set priors for ,  so that slab distribution is wide

{y, D}

Q σ2
1 σ2

2 s2
1 s2

2

σ2
1 σ2

2

14 S H O  K A W A N O ,  U C  S A N TA  C R U Z  

Notation:  is a inverse-gamma distribution 

with shape  and scale 

IG(A, B)
A B



P R O P O S E D  M O D E L

• Data Model: ,   


• Random Effects:


 


with  and 


• Selection Process:  


 and    


with  and 


• Priors: ;     and ;                     

 and 

[y |θ] ∼ Nn(θ, D) θ = X⊤β + u

ui = δi ⋅ (v1i + v2i)

[v1 |σ2
1] ∼ Nn(0, σ2

1 I) [v2 |σ2
2] ∼ Nn(0, σ2

2 Q−)
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2 ∼ IG(c, d)
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Notation:  

Multivariate Normal Distribution of dimension 


 mean, covariance 

Nm(μ, Σ)
m

μ Σ
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Pólya-Gamma Data 
Augmentation


(Polson et al., 2013)
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Posterior Inference with 
Gibbs Sampler
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D ATA  A N A LY S I S

E S T I M AT I N G  M E D I A N  R E N T  B U R D E N



• Variable of interest : rent burden, share of household income used to pay rent


• Policy-Relevance: recent ACS estimates suggest that over half of U.S. renters are 
paying >30% of their income in rent (highest in record)


• Data: 5-year estimates from the 2019 ACS, South Atlantic Census Division 
( )


• Models fit with log-transformed direct estimates, delta method used to estimate 
variance


• Covariates  also from ACS (education, race, poverty related)

θi

n = 588

X

D ATA  A N A LY S I S :  S E T T I N G
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D ATA  A N A LY S I S :  C O M PA R I N G  D AT TA - M A N D A L  V S .  P R O P O S E D  M O D E L

Spatial 
dependence!
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E M P I R I C A L  
S I M U L AT I O N  S T U D Y
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• Goal: create “empirical” simulation study that emulates real data 


• Data:  from ACS, North Carolina ( ) 


• : rent burden


• Covariates  also from ACS (education, race, poverty related)
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A D D R E S S I N G  R O B U S T N E S S

• IID random effects  is not robust to outliers


• Assume heavier-tailed distribution for  (ex: Datta & Lahiri, 1995)


• Use a mixture model (Chakraborty et al., 2016)


• Use Bayesian nonparametrics (Janicki et al., 2022)

u ∼ Nn(0, σ2I)

u
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G L O B A L - L O C A L  R A N D O M  E F F E C T S

• Tang et al. (2018): 


 with  for areas 


There are restrictions on the prior for  —>  requires a copula for modeling spatial 
dependence for 


• Tang et al. (2023) uses CAR for the random effects but not the shrinkage:


 with  and  is the CAR precision matrix

[ui |λi, τ2] ∼ N(0, λ2
i τ2) π(λ, τ2) ∝ π(τ2)

n

∏
i=1

π(λ2
i ) i = 1,⋯, n

λi
λ

[u |ρ, λ, τ] ∼ Nn(0, τ2ΛQ−1Λ) Λ = diag{λi}n
i=1 Q
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P O S T E R I O R  S E L E C T I O N  P R O B A B I L I T I E S

• Both models have posterior conditional:  


• Datta-Mandal Spike-and-Slab: 





• Proposed SSD Model: 


[δi | p̃i, data] ∼ Bern(p̃i)

p̃i =
p ⋅ ϕ(yi |x⊤

i β + vi, di)
p ⋅ ϕ(yi |x⊤

i β + vi, di) + (1 − p) ⋅ ϕ(yi |x⊤
i β, di)

p̃i =
pi ⋅ ϕ(yi |x⊤

i β + v1i + v2i, di)
pi ⋅ ϕ(yi |x⊤

i β + v1i + v2i, di) + (1 − pi) ⋅ ϕ(yi |x⊤
i β, di)
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R A N D O M  E F F E C T S :  A L L  M O D E L S  

Comparing posterior means
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Data: 2015-2019 ACS from South Atlantic Division
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Posterior Summary (90% Credible Interval)Posterior Densities of  for the 9 coefficientsβ
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M A P  O F  S E L E C T E D  C O VA R I AT E S
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P O S T E R I O R  I N F E R E N C E :  I I D  V S .  S PAT I A L  VA R I A N C E S

Posterior Densities of Random Effect Variances:  σ2
1 , σ2

2
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ACS Data from South Atlantic Census Division ( )n = 588

Posterior Densities of Logit Variances:  s2
1 , s2

2

I I D
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I I D
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Logit Variances: 
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FAY- H E R R I O T  M O D E L :  B O R R O W I N G  S T R E N G T H

When  is small /

 is a good estimator

di
yi

 is given more weightyi

• Problem:  can be unreliable with high  for small sample regions


• Solution: use a model that “borrow strength” across areas

yi di

      +   E[θi |β, σ2] =
σ2

di + σ2
yi

di

di + σ2
x⊤

i β

• Example: FH model with prior  p(β, σ2) ∝ 1
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When  is large 

 is unreliable

di
yi

 is given more 
weight

x⊤
i β

      +   E[θi |β, σ2] =
σ2

di + σ2
yi

di

di + σ2
x⊤

i β

• Example: FH model with prior  p(β, σ2) ∝ 1
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